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A Fitting class F is called dominant in the class of all ﬁnite soluble
groups S if F⊆S and for every group G ∈S any two F-maximal
subgroups of G containing the F-radical GF of G are conjugate
in G . In this paper a characterization of dominant local Fitting
classes in the class of all ﬁnite soluble groups is established.
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1. Introduction
In the theory of classes of ﬁnite soluble groups, a basic result which generalizes fundamental
theorems of Sylow and Hall is the theorem of Fischer, Gaschütz and Hartley [1] on existence and
conjugacy of F-injectors in ﬁnite soluble groups G for every Fitting class F. Recall that a subgroup V
of a group G is called an F-injector of G if V ∩N is an F-maximal subgroup of N for every subnormal
subgroup N of G [1,2].
There has been substantial research on characterizations of F-injectors for various types of Fitting
classes F (e.g. [3–8]). For dominant Fitting classes, by their very deﬁnition, there is a convenient
description of injectors by means of radicals. Namely, a Fitting class F is said to be dominant in
the class of all soluble groups S if F⊆S and if for every group G ∈S any two F-maximal subgroups
of G containing the F-radical GF of G are conjugate in G . These are then the F-injectors of G .
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ﬁnite nilpotent groups is contained in F or F=Sπ , the class of all soluble π -groups for some π ⊆ P.
The classes F = Sπ are very simple examples of so-called local Fitting classes. First considered by
Hartley [4], local Fitting classes have been introduced explicitely and investigated by D’Arcy [7] in
an attempt to dualize the concept of local deﬁnition for saturated formations. Local Fitting classes
constitute a large family of Fitting classes, though not every Fitting class is local [2, IX.3.7]. Apart
from F=Sπ also many known dominant Fitting classes F containing N are local. Examples of such
Fitting classes are: the class N (Fischer [3]) and, more generally, the classes XN for any nonempty
Fitting class X (Hartley [4]), the classes Sπ ′Nπ of π -nilpotent groups and the classes SπSπ ′ of π -
closed groups for all π ⊆ P. All of these examples belong to a particular type of local Fitting classes,
called Hartley classes. In 2008 W. Guo and N.T. Vorob’ev [8] proved a general result stating that all
Hartley classes are dominant. However, not every local Fitting class is a Hartley class. In fact, there
are local Fitting classes F containing N which are not dominant [2, IX.4.4].
Therefore, it is an interesting problem to decide which local Fitting classes are dominant. The
main result of this paper settles this question and gives a complete characterization of dominant local
Fitting classes containing N.
2. Preliminaries
All groups considered in this paper are ﬁnite and soluble. We denote by Zn the cyclic group of
order n. For notation and basic results on classes of groups we refer to [2].
A local method to construct Fitting classes has been introduced by Hartley [4] and D’Arcy [7]:
A map f which assigns to each prime p a Fitting class f (p) is called a Hartley function or an
H-function for short [9].
A Fitting class F is called local [7,9], if F=Sπ ∩⋂p∈π f (p)SpSp′ , where f is an H-function and
π = Char(F). If all f (p), p ∈ π , are contained in F then f is called an integrated H-function of F.
Given a partition {πi: i ∈ I} of P, a Fitting class H of full characteristic is called a Hartley class [4]
if there is an H-function h which is constant on each πi , h(πi) := h(p) for all p ∈ πi , such that
H =⋂i∈I h(πi)Sπ ′iSπi . It is easy to show that every Hartley class is a local Fitting class (see also
Corollary 1 below).
We recall that a Fitting class F is called a Lockett class if (G × H)F = GF × HF for all groups G
and H .
Lemma 1. (See Vorob’ev [10, corollary].) Every local Fitting class F is deﬁned by a unique maximal integrated
H-function F . It is characterized among all integrated H-functions for F by the property that F (p) = F (p)Sp
is a Lockett class for all primes p ∈ Char(F).
Lemma 2. (See D’Arcy [7].) Let F be a local Fitting class with maximal integrated H-function F . Let G be a
group and Σ a Sylow system of G. Deﬁne
B(Σ) =
∏
Gp∈Σ
CGp (GF/GF (p)).
(a) [7, Lemma 11] B(Σ) contains every F-subgroup H  GF of G into which Σ reduces.
(b) [7, Lemma 10] If N is a subnormal subgroup of G, then B(Σ) ∩ N = B(Σ ∩ N), the corresponding sub-
group of N with respect to the Sylow system Σ ∩ N of N.
(c) [7, Theorem 14] B(Σ) ∈ F if and only if all maximal F-subgroups containing GF are F-injectors.
Lemma 3. Let F be a Lockett class, H a group and p a prime number.
If H  Zp ∈ FSp′ , then H  Zp ∈ F.
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the regular wreath product H  Zp . Therefore p divides |(H  Zp)/(H  Zp)F|, contradicting (H  Zp) ∈
FSp′ .
Thus H ∈ F and consequently H  Zp ∈ FSp ∩ FSp′ = F. 
3. The results
The following theorem characterizes dominant local Fitting classes F⊇N in terms of their maxi-
mal integrated H-functions F .
Theorem. Let F be a local Fitting class of full characteristic with maximal integrated H-function F . Then the
following two statements are equivalent:
(i) F is dominant.
(ii) (F (p)∩ F (q))S{p,q} = F (p)∩ F (q) or F (p)∩ F (q) =⋂r∈P F (r) for every pair of distinct prime numbers
p and q.
Proof. (i) ⇒ (ii): Suppose that condition (ii) does not hold. Then there exist distinct prime numbers p,
q, r such that (F (p)∩ F (q))Sp  F (q) and F (p)∩ F (q) F (r). (Note that because of solubility, (F (p)∩
F (q))S{p,q} = F (p) ∩ F (q) is equivalent to (F (p) ∩ F (q))Sp = F (p) ∩ F (q) and (F (p) ∩ F (q))Sq =
F (p) ∩ F (q).)
(1) There is a group H such that H ∈ (F (p) ∩ F (q)) \ F (r) and H  Zp /∈ F (q):
By [2, X.2.4 and X.2.13] there exists a group H0 ∈ F (p) ∩ F (q) with H0  Zp /∈ F (q). Moreover, there
exists a group H1 ∈ (F (p) ∩ F (q)) \ F (r). If H1  Zp /∈ F (q), then H = H1 satisﬁes (1).
So we may assume that H1  Zp ∈ F (q). Then H0 × H1 ∈ (F (p) ∩ F (q)) \ F (r). Application of the
quasi-R0 lemma [2, IX.1.13] yields (H0 × H1)  Zp /∈ F (q). Thus H = H0 × H1 satisﬁes (1).
(2) Let G = ((H  Zr)  Zp)  Zq and H˜ = ((H)) the direct product of r · p · q copies of H inside the
iterated wreath product G . Then GF = H˜ :
As F (r) is a Lockett class and H /∈ F (r), Lemma 3 yields H  Zr /∈ F⊆ F (r)Sr′ . Since H ∈ F (p) ⊆ F,
it follows therefore that (H  Zr)F = H . Applying [2, X.2.1(a)] twice yields the assertion of (2).
(3) Final contradiction:
Let P ∈ Sylp(G) and Q ∈ Sylq(G). Then H˜ P ∈ F (p)Sp = F (p) ⊆ F and H˜ Q ∈ F (q)Sq = F (q) ⊆ F.
Since F is dominant, it follows from (2) that there exists an F-injector V of G such that H˜ P  V
and H˜ Q g  V for some g ∈ G . Note that V ∩ ((H  Zr)) is subnormal in G and hence contained in
GF = H˜ by (2). Therefore V /H˜ is a Hall-{p,q}-subgroup of G/H˜ . It follows that V ∼= (Hr  Zp)  Zq
where Hr stands for the direct product of r copies of H . Consequently, (Hr  Zp)  Zq ∈ F ⊆ F (q)Sq′ .
F (q) is a Lockett class and thus Lemma 3 yields Hr  Zp ∈ F (q) whence H  Zp ∈ F (q) by [2, X.2.4].
This contradicts (1).
(ii) ⇒ (i): Suppose that F is not dominant.
Let G be a group of minimal order with respect to the property that not every F-maximal sub-
group of G containing GF is an F-injector of G . Clearly, G /∈ F. Let N  GF be a maximal normal
subgroup of G . Then |G : N| = p for some prime p.
Let Σ be a Sylow system of G and B = B(Σ) as in Lemma 2.
(1) Let V = B ∩ N . Then B /∈ F and V = BF:
By Lemma 2(c), B /∈ F. Moreover by Lemma 2(b), V = B ∩ N = B(Σ ∩ N) is the corresponding
subgroup of N for the Sylow system Σ ∩ N of N . As |N| < |G|, another application of Lemma 2(c)
yields V ∈ F. Hence V = BF .
(2) GF/GF (p)  Z(G/GF (p)):
Assume that C = CG(GF/GF (p)) is a proper subgroup of G . Then C is not a counterexample. Since
C is normal in G , it follows from Lemma 2(b), (c) that B ∩ C ∈ F. Since B ∩ C is normal in B , (1) yields
B ∩ C  BF = V . For Gp ∈ Σ we have CGp (GF/GF (p)) ∈ Sylp(B). Now since |B/V | = p, it follows that
B = V CGp (GF/GF (p)) V (B ∩ C) = V , a contradiction.
(3) Let Gp be the Sylow p-subgroup of G contained in Σ and W = GpGF . Then W ∈ F, W  B ,
B = VW and Gp WF (p):
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F-subgroups GF and GpGF (p) . Thus W ∈ F. By Lemma 2(a), W  B . Since F ⊆ F (p)Sp′ , it follows
that Gp WF (p) . Moreover, |B/V | = p implies B = VW .
(4) Let GF = V0 < V1 < · · · < Vr = V < B = Vr+1 be a series of subgroups such that V j is maximal
among the proper W -invariant normal subgroups of V j+1 for all j = 0, . . . , r. Clearly, all V j+1/V j are
elementary abelian. Since GFW = W ∈ F and VW = B /∈ F, there is a maximal number i, such that
ViW ∈ F and Vi+1W /∈ F. Clearly, i < r. Set X = Vi and Y = Vi+1.
Then XW = X(XW )F (p) , |Y /X | = qa for a prime q = p and Y = XY F (q):
If Y /X is a p-group, then YW = XW as W contains a Sylow p-subgroup of G reducing into Y .
But this contradicts the choice of X and Y . Consequently, |Y /X | = qa for a prime q = p. By deﬁnition
of W , XW /X = XGp/X is a p-group. On the other hand, since XW ∈ F ⊆ F (p)Sp′ , XW /(XW )F (p)
is a p′-group. It follows that XW = X(XW )F (p) . Finally, Y ∈ F ⊆ F (q)Sq′ and |Y /X | = qa imply Y =
XY F (q) .
(5) (F (p) ∩ F (q))S{p,q} = F (p) ∩ F (q):
Set D =⋂r∈P F (r). If (5) does not hold, then by hypothesis (ii), F (p) ∩ F (q) = D. Let Gq be the
Sylow q-subgroup of G contained in Σ . Since Vq = V ∩ Gq  CGq (GF/GF (q)) ∈ Sylq(B), it then fol-
lows from (2) that Vq  CG(GF/GD). Now DN⊆⋂p∈P F (p)SpSp′ = F implies Vq  CG (F (G/GD)).
Therefore VqGD/GD  CG/GD(F (G/GD))  F (G/GD)  GF/GD . Since VqGD/GD ∈ Sylq(V /GD), it
follows that V /GF is a q′-group, contradicting (4).
(6) [[Y F (q), (XW )F (p)], XF (q)] XF (p) ∩ XF (q):
By the choice of X and Y in (4), X  YW and hence XF (p) , XF (q) YW . Now,
[
(XW )F (p), XF (q)
]
 (XW )F (p) ∩ XF (q) = (XW )F (p) ∩ X ∩ XF (q) = XF (p) ∩ XF (q).
Consequently,
[[XF (q), Y F (q)], (XW )F (p)] [XF (q), (XW )F (p)] XF (p) ∩ XF (q)
and
[[
(XW )F (p), XF (q)
]
, Y F (q)
]
 [XF (q) ∩ XF (p), Y F (q)] XF (p) ∩ XF (q).
Now statement (6) follows from the Three Subgroups Lemma [2, A.7.6].
(7) [Y F (q), (XW )F (p)]XF (q) = Y F (q):
[Y , (XW )F (p)] is normal in YW . Therefore, by the choice of X and Y , [Y , (XW )F (p)]X equals X
or Y .
Suppose, [Y , (XW )F (p)]  X . Then YW is the product of the two normal F-subgroups Y
and XW = X(XW )F (p) (cf. (4)). Hence YW ∈ F, contradicting the choice of Y . It follows that
[Y , (XW )F (p)]X = Y .
By (4), Y = XY F (q) . Thus [Y F (q), (XW )F (p)]X = [Y , (XW )F (p)]X = Y . Since [Y F (q), (XW )F (p)] 
Y F (q) , it follows that
Y F (q) =
[
Y F (q), (XW )F (p)
]
X ∩ Y F (q) =
[
Y F (q), (XW )F (p)
]
(X ∩ Y F (q))
= [Y F (q), (XW )F (p)]XF (q).
(8) Y = XY F (p):
Let D = XF (p)∩F (q) . By (6) and (7), Y F (q)/D is the central product of [Y F (q), (XW )F (p)]D/D and
XF (q)/D . Let Q ∈ Sylq([Y F (q), (XW )F (p)]). As Y F (q)/XF (q) is a q-group, Y F (q) = Q XF (q) and Q D is a
normal subgroup of Y F (q) . By (5), Q D ∈ F (p)∩ F (q) and therefore Q D  Y F (p)∩F (q)  Y F (p) . It follows
that Y F (q)  Y F (p)XF (q) . According to (4), Y = XY F (q) , and (8) follows.
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Note that
[
X, Y F (p)(XW )F (p)
]

[
X, (XW )F (p)
]
Y F (p)  XF (p)Y F (p) = Y F (p).
Thus X normalizes Y F (p)(XW )F (p) .
Now |Y F (p)(XW )F (p)/Y F (p)| = |(XW )F (p)/((XW )F (p) ∩ Y F (p))| is a divisor of |(XW )F (p)/XF (p)| =
|X(XW )F (p)/X | and hence is a p-power. Consequently, Y F (p)(XW )F (p) ∈ F (p)Sp ⊆ F. Hence, using
(4) and (8), YW is the product of the normal F-subgroups X and Y F (p)(XW )F (p) . It follows that
YW ∈ F, contradicting the choice of Y in (4). 
Remark. It is easy to see that condition (ii) of the theorem is equivalent to the following statement:
If π ⊆ P, then (⋂p∈π F (p))Sπ =⋂p∈π F (p) or ⋂p∈π F (p) =⋂r∈P F (r).
Corollary 1. (See Guo and Vorob’ev [8, theorem].) Every Hartley class is dominant.
Proof. Let H =⋂i∈I h(πi)Sπ ′iSπi be a Hartley class for a partition {πi: i ∈ I} of the set P of all
primes. By [2, X.1.27.b], we may assume that all h(πi) are Lockett classes.
For p ∈ πi we set F (p) = h(πi)Sπ ′iSπi ∩
⋂
j =i h(π j)Sπ ′j . By [2, X.1.26.b], each F (p) is a Lockett
class. It is obvious that F (p) = F (p)Sp ⊆H for all p ∈ P.
Now
⋂
p∈P
F (p)SpSp′ =
⋂
i∈I
⋂
p∈πi
(
h(πi)Sπ ′iSπi ∩
⋂
j =i
h(π j)Sπ ′j
)
SpSp′
=
⋂
i∈I
(
h(πi)Sπ ′iSπi ∩
⋂
j =i
h(π j)Sπ ′j
)
NπiSπ ′i
=
⋂
i∈I
(
h(πi)Sπ ′iSπi ∩
⋂
j =i
h(π j)Sπ ′j
)
Sπ ′i
=
⋂
i∈I
(⋂
j∈I
h(π j)Sπ ′jSπ j
)
Sπ ′i
=
⋂
j∈I
h(π j)Sπ ′jSπ j =H.
Therefore the Fitting class H is local with maximal integrated H-function F (cf. Lemma 1).
It is easy to see that (F (p) ∩ F (q))S{p,q} = F (p) ∩ F (q) if p and q are in the same set πi of the
partition of P and F (p) ∩ F (q) =⋂r∈P F (r) otherwise. Hence H is dominant by the theorem. 
Corollary 2. (See D’Arcy [7, Corollary 17].) Let {πi: i ∈ I} be a partition of P and let π be a set of primes. Then
for any Fitting class X, the local Fitting classes X(
⋂
iSπiSπ ′i ) and XSπSπ
′ are dominant.
Proof. It is easy to check that F=X(⋂iSπiSπ ′i ) is a local Fitting class with maximal local integrated
H-function F (p) = XSπi for p ∈ πi (cf. Lemma 1). Dominance of F follows now from the theorem.
The assertion about XSπSπ ′ =XSπSπ ′ ∩SSπ ′Sπ is an immediate consequence of Corollary 1. 
Examples of local Fitting classes containing N, which are not dominant, are given in the following
corollary.
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P of size at least 2.
Proof. The Fitting class NπSπ ′ is local and it is deﬁned by the greatest integrated H-function F
given by F (p) = Sp for p ∈ π and F (p) = NπSπ ′ for p ∈ π ′ . Then F (p) ∩ F (q) = Sp if p ∈ π and
q /∈ π . As |π | 2, ⋂r∈π F (r) = (1), and it follows from the theorem that NπSπ ′ is not dominant. 
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